An - Najah Univ. J. Res. (N. Sc.) Vol. 22, 2008

Ideal Bose Gas in Higher Dimensions

Sami Al- Jaber

Department of Physics. Faculty of Science. An- Najah National University. Nablus. Palestine.

E-mail : Jaber@najah.edu

Received: (24/11/2007). Accepted: (8/4/2008)

Abstract

Some physical properties of the behavi or of an ideal non- relativistic Bose gas in N – dimensional space are theoretically investigated. The general analytic expressions of the critical temperature T_c of Bose – Einstein condensation, and the high- temperature behavior of the gas have been derived. The dependence of these physical quantities on space dimension is discussed and some numerical values are calculated. Moreover, the limit of these quantities in the infinite dimensional space (N ) is also examined.

Key words: Bose gas, Bose- Einste in condensation, higher dimensions.

PACS: 05.30.Jp, 03.75.Hh, 04.20.Cv.

. – . . .

1. Introduction

Recently, the study of the ideal Bose gas has been extensively carried out by many researchers (Chen and Lin, 2003; Leggett, 2001; Edery, 2006; Tomas, 2006; Ovchinnikov, 1993). Bose gases in confined geometries has been in vestigated ( Blakie, 2005; Hao et. al ., 2006; Salasnich , 2004). The study of Bose – Einstein condensation has long been of wide interest by many work ers (Galli, et al, 2005; Mayers, 2006; Kim et al., 1999; Algin and Deviren, 2005).

Physical problems in higher dimensions have been widely investigated. Besides its mathematical interest (Belhaj and Rasmussen, 2005; Golovnev, 2006), the N- dimensional space has been used in the study of Schr dinger equation with different kinds of potentials (Dong and Sun, 2004; Quan et al., 2005; Znojil, 2000; Romera et al., 2006).

Some workers investigated highe r dimensional gravity (Troncoso and Zanelli, 2000; Tanabe et al., 2006). Others examined rotating black holes in multidimensional space (Gibbons et al., 2004; Rogatko, 2000; Berti et al., 2006; Kunduti et al., 2006). Furthermore, gravitational collapse in higher dimensions has been of much interest to investigators (Ilha et al., 1999; Patil, 2003; Goswam i et al., 2004). Some researchers discussed casimir energy (Huang, 2000; Fabi et al., 2006) and others explored unified theories (Gogoladze et al., 2003; Gogoladze et al., 2005) in N- dimensional space. The development of techniques to trap and cool atoms and the experimental achievements of Bose- Einstein condensation have stimulated great interest in the theoretical study of Bose gas in higher dimensions. For example (Y an, 2000) derived the equation of state of an ideal Bose gas trapped in n- dimensional generic power- law potential. (Standen and Toms, 1998) discussed Bose – Einstein condensation of the magnetized Bose gas and showed that for large values of the magnetic field the ga s undergoes a dimensional reduction. Others (Kolomeisky et al., 1992; Crisano et al., 2002) examined renormalization – group analysis of the dilute Bose gas in N dimensions.

An - Najah Univ. J. Res. (N. Sc.) Vol. 22, 2008

In addition, Lozovik et al. (1985) showed that the threshold interaction constant for the existence of a condensed phase increases with the spatial dimension of a Bose system.

Therefore, we believe that it is im perative to study the extent of the dimensionality contribution to the physical properties of a Bose gas.

In this context, some properties of the ideal Bose gas in higher dimensions are investigated. In sec tion 2, the particle number and the energy densities are derived. In section 3, an expression relating the constant ) / ( KT with temperature and space dimension will be derived. In section 4, the researcher is going to consider Bose- Einstein condensation and show the dependence of the critical temperature on the dimension N. Section 5, is devoted to the discussion and results.

2. The Ideal Bose Gas in N Dimensions

We consider a system of non- interacting Bose gas confined within a cube with sides of length L and impenetrable walls at a finite temperature. The number of particles n (E) dE with in the energy interval E to E+ dE is

n(E) dE = D(E) )1(

1^1dE e^{aE}

where D(E) is the number of single – particle states per unit energy interval. The constant is related to the fugacity Z as Z = , with e kT 1 , k is the Boltzmann constant , and is the chemical

potential. The function D (E) in N dimensions (Al- Jaber , 1999) is given by )2( 2 2 2 1 )(^{2/2} 2/ 2 2/ N N N N E m N L N E D

Therefore, the number of particles per unit volume within the range is dE E E, An - Najah Univ. J. Res. (N. Sc.) Vol. 22, 2008

NL dE E n V dE E n )( )( = )3( , 1 2 2 / 2 1 1 2/2 2/ 2/ 2 dE e E N m N_E N N N N

and thus the number density of the particles is

= )4( 1 2 2 / 2 1 )( 1 0

2/2 2/ 2/ 2

0 E N N N N e dE E N m N dE En V The total energy per unit volume, U, of the gas is:

0 )( 1 dE E nE V U

)5( 1 2 / 2 1 0

2/ 2/ 2/ 2 E N N N e dE E N m N

The High – Temperature Limit

When >>1, we can neglect the 1 in (4) and we get e )6( 2 2 / 2 1 0 2/2 2/ 2/ 2 dE e E N m N_E N N N N

The integral in eq.(6) is , 2/ 0 2/ 2/2 N E N N dE e E (7)

and thus e m N^N N N N 2/ 2 2/ 2/ 2 2 1

An - Najah Univ. J. Res. (N. Sc.) Vol. 22, 2008

which can be written as )8( , 2 1 2/ 2 e mkT N N

and it yields the well- known result in the three dimensional space

( =3), (Bransden and Jochain, 2000). Equation (8) can be solved for N as: )9( 2 k 1_{2/} 2/ 2 N N T m N e It is clear that the constant depends on the particle density , the temperature T , and the dimension N. Introducing the mean thermal wavelength

= /(2 mkT)^{1/2} , (10)

we can rewrite equation (9) as

e =(N-1)/(^N) (11)

For numerical values, we consider ^4He whose mass density is 0.15 x 10^3kg/m^3, so that the particle density is 3 28 27 3 10 2.2 10 67.14 10 15.0 / . / m atom mass Vol mass

and the quantity ^{12} 18 2 10

33.1 2 k m mk

Table I shows numerical values of at a given temperature for different values of the dimension N.

It is noticed that for a given temperature, the constant increases as the dimension N increases, which means that the Bose gas becomes closer and closer to Maxwell – Boltzmann gas as the dimension increases. This is equi valent to the condition ( N) 1 that expresses the

An - Najah Univ. J. Res. (N. Sc.) Vol. 22, 2008

low-particle density and the high temperature limit of the gas. In this case, increases and hence the chemi cal potential μ becomes negative with large magnitude and thus the f ugacity, z(=exp(μ/kT)) of the system must be much smaller than unity. This shows that quantum effects due to identity of particles become less im portant in higher di mensions. It is interesting to investigate the limit as N ; we can rewrite (9) as:

)12( . 1 2 ln 2 2

2 N N mkT N

We note _Nlim ,1 1 2 N N and hence

e lN arglim = )13( , 2 ln 2^2 mkT N For example, for T = 10^{-18} K, and N = 1000 the value of for ^4He would be 142.6.

Table (1): Variation of with N at a given Temperature.

T= 300 K T =100 K N N 3 6.58 3 4.93 4 30.7 4 28.5 5 54.7 5 51.9 6 78.6 6 75.3 7 102.5 7 98.7 8 126.4 8 122.0 9 150.3 9 145.3 10 174.1 10 168.6 11 197.9 11 191.9 12 221.7 12 215.1

An - Najah Univ. J. Res. (N. Sc.) Vol. 22, 2008

One may further examine the vari ation of temperature with the dimension N for a given value of . To that end, we solve (12) for T;

)14( , 1 2 2 2 N N e mk T and take = 6.58 ( which is its value for ^4He in the three dimensional space) . This is shown in Table (II), which clearly indicates that the temperature decreases dramatically as N increases. Furthermore, the last few entries in the table show that the temperature reaches a minimum value for a very large N. This is obvious from (14), since ,1 1^{arg} 2

e lN N N e and hence mk T_e N 2 arg / 2 whose value, for

4He at = 6.58, is 7.518 X 10^{-19}K.

This demonstrates that the absolu te zero is really a hypothetical theoretical value, at least in this context. Table (2): Variation of T with N at a given .

N T N T 3 299 20 7.3X10^{-16} 4 1.7X10^{-3} 30 7.2X10^{-17} 5 1.3X10^{-6} 50 1.13X10^{-18} 6 1.1X10^{-8} 60 8.8X 10^{-18} 7 3.7X10^{-10} 70 5.1X10^{-18} 8 2.9X10^{-11} 100 2.8X10^{-18} 9 4.1X10^{-12} 200 1.8X10^{-18} 10 8.4X10^{-13} 400 1.0X10^{-18} 11 2.3X10^{-13} 500 9.7X10^{-19} 12 8X10^{-14} 10^4 7.6X10^{-19} 13 3.2X10^{-14} 10^5 7.5X10^{-19} 16 4.2X10^{-15} 10^{10} 7.518X10^{-19}

An - Najah Univ. J. Res. (N. Sc.) Vol. 22, 2008

4. Bose – Einstein Condensation

In the low-temperature, high density limit D (0) = 0, but because there is one state at E=0, D (E) must be modified

D (E) = D (E) + (E), and thus (4) becomes

0

2/2 2/ 2/ 2 )15( 1 2/ 2 /2 1 dE e E N m N_E^N N N N

where is the particle density in the ground state with E= 0. For bosons, any number of particles can occupy th e single – particle level of lowest energy; therefore, there is no limitation on the size of the particle densities or . It is interesting to find the temperature below which the particles are forced to condense into the ground state.

Let x= , / kT E E so that (15) becomes

)16( 1 2/ 2 / 2 1 0

2/2 2/ 2/ 2 x N N N N e dx x N kT m N The fraction of particles in st ates other than the ground state, /_0 is thus

)17( 2 1 2/ 2 1 2/2

2/ 2 2/ N

N N N f mkT N N Where

)18( 1 0 x n n e dx x f The largest possible value of f occurs when =0 (since, ).0

2 2 1 0 0

2/1

2/2 N N e dx x f_x N

N

An - Najah Univ. J. Res. (N. Sc.) Vol. 22, 2008

Where n is the Reimann zeta function. When the function /_0 becomes less than unity, the system condenses into the ground state. This occurs at temperatures T<T_c (called critical temperature), where N N N c N N mk T /2 2/ 2

2 1 2 2

N

N N mk

/2 2

2 1 2 (19)

It is interesting to note that as the dimension N increases, T_c decreases. This means that the criti cal temperature at which the system starts to condensate shifts towards lower values as the dimension N increases. It is illustrative to use the relevant data for ^4He to calculate the critical temperature for different values of the space dimension. This is shown in table (III) below. Table (3): Variation of critical temperature with N.

N T_c N T_c 3 1.96 20 3.8X10^{-16} 4 5.0X10^{-5} 30 4.6 X10^{-17} 5 8.2X10^{-8} 40 1.6X10^{-17} 6 1.2X10^{-9} 50 8.7X10^{-18} 8 5.5 X10^{-12} 100 2.5 X 10^{-18} 10 2.2 X 10^{-13} 200 1.3X10^{-18} 12 2.6 X 10^{-14} 1000 8.4 X10^{-19} 14 5.8 X 10^{-15} 10^4 7.6 X 10^{-19} 16 1.8 X 10^{-15} 10^{10} 7.519X10^{-19}

An - Najah Univ. J. Res. (N. Sc.) Vol. 22, 2008

It is tempting to consider the limit as N . In this case ,1 2^N N and thus . 10 5188 .7 33.1 10 lim^{19} 18 K T_c N

5. Discussion and Results

In this paper, we considered so me physical properties of the ideal Bose gas in N- dimensional space. In particular, the particle number and energy densities were derived. In the high temperature limit, the constant kT/ with being the chemical potential was found to depend on the particle number, temperature, and the dimension . As an illustration, we calculated numerical values for the constant N , in the classical limit, at a given temperat ure, at different values of the dimension , and it is found that

N increases as increases. In addition, for a given N we presented numerical results for the temperature of the gas in different dimensions and showed that it decreases as increases and reaches a mini mum value in the infinite dimensional space. N Furthermore, we analyzed the Bose - Einstein condensation in higher dimensions and derived the critical temperature as function of the particle number density and the dimension N. It was concluded that the critical temperature decreases as the dimension increases and it reaches a minimum value of about 7.52 X 10^{-19} k for ^4He in the infinite dimensional space, .N

References

- Algin, A. & Deviren, B. (2005). “B ose-Einstein condensation of a

two –parameter deformed quantum group boson gas”. Journal of Physics A: Mathematical and General. (38). 5945-5956

- Al- Jaber, S. (1999). “Fermi gas in D dimensions”. International

Journal of Theoretical Physics. (38). 919-924

An - Najah Univ. J. Res. (N. Sc.) Vol. 22, 2008

- Belhaj, A. & Rasmussen, J. (2005). “On toric geometry, spin(7)

manifolds, and type II superstring compactifications “. Journal of Mathematical physics. (46). 043511-043522.

- Berti, E. Cardeso, V. & Casals, M. (2006). “Eigenvalues and eigen

functions of spin-weighted spheroid al harmonics in four and higher dimensions”. Physical Review D. (73). 024013-024034.

- Blakie, B. (2005). “Projected Gross-Pitaevskii equation for

harmonically confined bose gases at finite temperature”. Physical Review, A (72). 063608-063619

- Bransden. B.H. & Joachain, C.J. (2000). Quantum Mechanics .

Prentice Hall, London. England.

- Chen, J. & Lin, B. (2003). “Low-tem perature behaviour of an ideal

bose gas and some forbidden thermodynamic cycles”. Journal of Physics A: Mathematical and General. (36). 11385-11390

- Crisan, M. Bodea, D. Grosu, I. & Tifrea, I. (2002).

“Renormalization-group analysis of the dilute bose system in d dimensions at finite temperature”. Journal of Physics A: Mathematical and General. (35). 239-252

- Dong, S. & Sun, G. (2004). “The Shrdinger equation with a

Coulomb plus inverse-square potential in D dimensions”. Physica Scripta. (70). 94-97

- Edery, A. (2006). “Casmir forces in bose-Einstein condensates;

finite-size effects in three-dimensional rectangular cavities”. Journal of statistical mechanics. (8). S101-S108

- Fabi, S. Harms, B. & Karatheodor is, G. (2006).”Dark energy from

Casmir energy on noncommutative dimensions”. Physical Review D (74). 083506-083510

- Galli, E. Rossi, M. & Reatto, L. (2005). “Bose-Einstein condensation

in solid ^4He “.Physical Review B. (71). 140506 (R)-140509(R)

An - Najah Univ. J. Res. (N. Sc.) Vol. 22, 2008

- Gibbons, W. Lu, H. Page, N. & P ope, C. (2004). “Rotating black

holes in higher dimensions with a cosmological constants”. Physical Review letters. (93). 171102

- Gogoladze, I. Li, T. Mimura, Y. & Nandi, S. (2006).”Coupling

umifications in gauge-Higgs unified orbifold models”. Physical Review D. (72). 055006-055021

- Gogoladze, I. Mimura, Y. & Nandi, S. (2003). “Unity of elementary

particles and forces in higher dimensions”. Physical Review letters. (91). 141801-141804

- Golovnev,V. (2006). “Thin layer quan tization in higher dimensions

and condensations”. Journal of Mathematical Physics. ( 47). 082105- 082118

- Goswami, R. & Joshi, S. (2004). “Spherical dust collapse in higher

dimensions”. Physical Review D. (69). 044002-044010

- Hao, Y. Zhang, Y. Liang, Q. & chen, S. (2006). “Ground-state

properties of one-dimensional ultrac old Bose gases in a hard-wall trap”.Physical Review A. (73). 063617

- Huang, W.H. (2000). “Finite-temperature Casmir effect on the radius

stabilization of noncmmutative torus”. Journal of High Energy Physics no. (11). 041

- Ilha, A. Kleber, A. & Lemos, P. (1999). “Dimensionality continued

Oppenheimer-Snyder gravitational co llapse II; solutions in odd dimensions”. Journal of Mathematical Physics. (40). 3509-3518

- Kim, S-H. Kim, C.k. & Nahm, K. (1999).”The ideal Bose gas in non-

integer dimensions and liquid ^4 He in porous media”. Journal of Physics: Condensed Matter. (11). 10269-10276

- Kolomeisky, E.B. & straley, J.P. (1992). “Renormalization-group

analysis of the ground-state proper ties of dilute Bose systems in d spatial dimensions”. Physical Review B. (46). 11749-11756

An - Najah Univ. J. Res. (N. Sc.) Vol. 22, 2008

- Kunduti, H. Lucietti, J. & Rea ll, S. (2006). “Gravitational

perturbations of higher dimensional rotating black holes:Tensor perturbations”.Physical Review D. (74). 084021-084040

- Leggett, A. (2001). “An upper bound on the condensate fraction in a

bose gas with weak repulsion”. New Journal of Physics. (3). 23-

- Lozovik, Y.E. Klyuchnik. A.V. & Nersesyan, O.N. (1985).”On the

existence of condensed phases in low-dimensional systems”. Physics letters A. (108). 395-396

- Mayers, J. (2006). “Bose-Einstein condensation and two fluid

behavior in ^4He”.Physical Review B. (74). 014516-014526

- Ovchinnikov, A. (1993). “On the description of a twodimensional

Bose gas at low densities”. Journal of Physics: condensed Matter. (5). 8665-8676

- Patil, K. (2003).”Structure of radial null geodesics in higher

dimensional dust collapse”. Physical Review D. (6). 024017-024022

- Rogatko, M. (2002). “Uniqueness theorem for static black hole

solutions of -models in higher dimensions”. Classical and Quantum Gravity. (19). L 151-L55

- Romera, E. Moreno, P. & Dehesa, S. (2006). Journal of

Mathematical Physics. (4). 103504.

- Salasnich, L. Parola, A. & Reatto, L. (2004). “Transition from three

dimensions to one dimension in Bo se gases at zero temperature”. Physical Review A. (70). 013606.

- Standen, G.B. & Toms, D.j. (1998). “Bose-Einstein condensation of

the magnetized ideal Bose gas”. Physics Letters A. (239). 401-405

- Tanabe, M. & Maeda, K-I. (2006). “Stationary space time from

intersecting M-branes”. Journal of Physics: Conference Series. (31 ). 215.

An - Najah Univ. J. Res. (N. Sc.) Vol. 22, 2008

- Tomas, D. (2006). “Statistical mech anics of an ideal Bose gas in

confined geometry”. Journal of Physics A: Mathematical and General. (39). 713-722

- Troncoso, R. & Zanelli, J. (2000). “Higher dimensional gravity,

propagating torsion and Ads gauge invariance”. Classical and Quantum Gravity. (17). 4451-4466

- Yan, Z. (2000). “Pseudovolume and e quation of state for an ideal

Bose gas in n dimensions”.Physical Review A (69). 063607-063610

- Yu- Quan, M. Jin, Z. Young, C. & Hong, D. (2005). “Generalized

path-integral solution and coherent states of the harmonic oscillator in D-dimensions”.Chinese Physics. (14). 2170-2175

- Znojil, M. (2000).”Quasi-exactly so lvable quartic potentials with

centrifugal and Coulombic terms”. Journal of Physics A: Mathematical and General. (33). 4203-4211

An - Najah Univ. J. Res. (N. Sc.) Vol. 22, 2008